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Evens norm, transfers and characteristic classes 
for extraspecial p-groups 

Pham Anh Minh 

Let P be the extraspecial p-group of order , of p-rank n+l, and of exponent 
p if p > 2. Let Z be the center of P and let k„ ,■ be the characteristic classes of 
degree 2"— 2'' (resp. 2(p" —p'^)) foTp — 2 (resp. />>2), 0<r<n— l,ofa degree 
p" faithful irreducible representation of P. It is known that, modulo nilradical, the 
ah powers of the k„,/s belong to T = lm{H*{P/Z, ¥ / y/Oh^H* {P , F,,)/Vo) , 
with L = I if p — 2, L = p if p > 2. We obtain formulae in H*{P, Fp)/VO relating 
the kI, ^ terms to the ones of fewer variables. For p > 2 and for a given sequence 
ro, . . . , r„_i of non-negative integers, we also prove that, modulo-nihadical, the 
element Yl^ i^'ii i belongs to T if and only if either ro > 2, or all the r,- are multiple 
of p . This gives the determination of the subring of invariants of the symplectic 
group Spini^p) in T. 

20J06; 55S10 



1 Introduction 

Let be a prime number. For a given group P , denote by H*{P) the mod-/? cohomol- 
ogy algebra of P. We are interested in the case where P = P„, the extraspecial group 
p-group of order p^n+i ^ p-rank n + l, and of exponent p if p > 2. It is known 
(see the work of Green-Leary [4] or Quillen[12]) that, for p > 2 (resp. p = 2), there 
are exactly n Chern (resp. Stiefel-Wihitney) classes k„ ,. of degree 2(p" — p"") (resp. 
2" — 2*"), 0<r<n — l,ofa degree p" faithful irreducible representation of P; these 
classes restrict to maximal elementary abelian subgroups of P as Dickson invariants. 

Set E = En = P /Z, with Z the center P, E is then a vector space of dimension 2n 
over Fp. Set h*{P) = H*{P)/VO (so h*{P) = H*{P) for /? = 2, by [12] and denote 
by T = 7^ the subring of h*{P) equal to the image of the inflation Inff , modulo 
nilradical. For p = 2, it follows from [12] that all the k„ ,. terms belong to T. For 
p > 2, this fact does not hold, as shown by Green and Minh [3, 5]; however, in [5], it is 
also proved that all pth powers of the Kn,r terms, are in turn, belonging to T. 
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For convenience, set t = 1 for /? = 2, and l = p ior p > 2. It follows that, for 
< r < « — 1 , there exists G H*(E) such that Inf(/„ ,-) = ^. Here and in what 
follows a = b means a = b modulo \/0. Via the inflation map, as elements of h*{P), 
fn,r can be identified with k', ^, < r < « — 1 . The first aim of this paper is to get 
an alternating formula expressing /„^r by means of /„_i^,-„i and/„_i^,-. This work is 
motivated from the elegant formula, for /? > 2 (resp. p = 2), expressing Chern (resp. 
Stiefel-Whitney) classes of the regular representation va of the elementary abelian 
p-group A via such classes of fewer variables. It is known that, if A is of rank m 
and p > 2 (resp. p = 2), then the 2(/?'" - p')th Chern (resp. (2'" - 2'')th Stiefel- 
Whitney) class of rA is the Dickson invariant 2„, ,- of the same degree with variables in 
a basis ;ci , . . . , ;c„, of I3H^ (A) (resp. (A)) , with the Bockstein homomorphism. These 
invariants are related by 

Qm.r — Q.m—\,r^m ~^ 2m— 1 r— 1' 

where 

m— 1 

Vm = JJ (Ai;Ci + • • • + \,n-lXm-l +Xm) = (-1)'""' ^ ( - 1 / Q^- 1 ,,X^' , 
A;eFp .v=0 

is the Miii invariant. 

In so doing, we need to use the Evens norm and transfers from maximal subgroups of 
P. Some basic properties of the Evens norm, in the relation with modular invariants, 
are recalled in Section 2. In Section 3, we show how to obtain characteristic classes 
of P by means of the Evens norm (Theorem 3.7). Theorem 3.8 describes the image of 
such classes via the Evens norm. From this, we obtain formulae relating characteristic 
classes with such classes of fewer variables (Corollary 3.9). 

Let ro, . . . , r„_i be a sequence of non-negative integers. In Section 4, we prove that, 
for p > 2 , modulo nilradical, the product Y[i>o i belongs to T if and only if either 
''0 ^ 2, or all the r, are multiple of p Theorem 4.1. This generalizes a result, given 
by Green and Leary [3,4], proving that q belongs to T provided either s >2" , or 
s >2 and « < 2 . As a consequence, we obtain in the last section the determination of 
the subring of invariants of the symplectic group in T Theorem 5.1. 

For convenience, given a subgroup K of a group G, any element of H*(G) is also 
considered as an element of H*{K) via the restriction map Res^. Also, if K is normal 
in G, then any element of H*{G/K) can be considered as an element of H* {G) via the 
inflation map Inf . 
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2 Evens norm and Mui invariants 

Given a polynomial algebra F = ¥p{t\, . . . , tk\ and 1 < m < k — \, define the Mui 
invariant [10] 

(1) V'm+l = V„j+l(?l, • • • , Wl) = W i^h + • • • + \ntm + Wl)- 

It follows from the work of LE Dickson [1] that 

m 

v„,+i = (-ir^(-iy(2„,,,CVi 

with Qm^s = Qm.sih T ■ ■ ,tm) the Dickson invariants defined inductively as follows (we 
shall omit the variables, if no confusion can arise). 

Qm,m — 1 

Gm,0 = + • • • + Am^m) 

Xj not all equal 
Qm,s — Q.m~\,s^ni ~\~ G^m—l s—\' 

By (1) the Q,n^s are independent of the choice of generators fi , . . . , t,„ of Fp[fi , . . . , f^] . 
Hence, if (fi, . . . , f,,,) is a basis of H^{W) (resp. [5H^{W)) with W an elementary 
abelian 2-group (resp. /7-group with > 2) of rank m, we may write 

V,n+i{tu...,tk.X) = V{W,X). 

The Mui invariants can be obtained by means of Evens norm map Mu^w with U 
a subgroup of W (see Corollary 2.2 below). Let us recall that, for every maximal 
subgroup of a p-group G, and for ^ G H''{K), we may define the Evens norm map 

Here are some properties of Mk^g ■ For details of the proof, the reader can refer to the 
work of Evens [2], Minh [9] or Mui [10]. 

Proposition 2.1 Let G, G' be p -groups and let K be a subgroup of G . 
(i) IfN is a subgroup ofK, then 

Nn^G = J^K^G o J^N^K- 
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(ii) IfH is a subgroup ofG and G = U^^^ KxH, then, for ^ e H'\G), 

(iii) IfK is a subgroup ofG' andf : G' ^ G isa homomorptiism such thatf{K') C K 
andf induces a bijection G' /K' = G/K of coset spaces, then, for ^ G H''{K), 

MK'^G'(f\K'no =r (A6f^G(0) • 

In particular, ifN is a normal subgroup ofG and N C K, then, for ^ G H''{K/N), 

(iv) If e H"{K), then 

J^K^GiC + e') = ^K^g(0 + MK^Gii') 

modulo a sum of transfers from proper subgroups ofG containing the intersection 
of the conjugates ofK. Hence, the norm map is in general non-additive, although 
J^K^G ° Res^ is. 

(v) //^ G H'iK), f G H\K), and[G:K]=n, then 

(vi) Assume that G = K x E, with E = (Fp)™. Consider E as the group of all 
translations on a vector space S of dimension m overFp and let W(m) be an 
E-free acyclic complex with augmentation e : W{m) — > Fp . Let C be a cochain 
complex of which the cohomology is H*(K) and set = (8)cgsCc, Q = C. 
Then 

where P,„ : H'\C) —>■ //^ (W{m) C^) is the Steenrod power map, and 

dl : //f {W{m) ® C^) ^ H*{E) ® H*{C) 
is induced by the diagonal C ^ and the Kiinneth formula. 

In the rest of this section, suppose that W is an elementary abelian /7-group of rank 
n + \ and U a subgroup of W of index /j™ . 

By Proposition 2. l(vi), Afu^w = d*„P,„. The first part of the following corollary is 
then originally due to Mui [10] and reproved by Okuyama and Sasaki [1 1]; the second 
one was given by HUng and Minh [6, Proof of Theorem B]. 
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Corollary 2.2 Forp = 2 (resp. p > 2) and for every x G H^{W) (resp. x G (3H^{W) ), 

(i) AAf/^w(Res^W)= V{W/U,x) 

(ii) with T the maximal subgroup ofW satisfying Resj (x) = then 



■i=r+\ 



i=0 



p-l 



In the following corollary, G is supposed to be a ;?-group given by a central extension 
and 

{0} — >Z/p — >G^W — > {0} 



and K =j-\U). Set 



H*{U) 



p = 2, 



EnyoH^^iU) P>2. 



The following is straightforward from Proposition 2.1. 



Corollary 2.3 The composition map 



Inf^ 



H'\U) ^ H*{K) H*{G) 



is a ring homomorphism. 



In [9] we proved the following proposition. 



Proposition 2.4 Let ^ G HHG). Set fi(q) = i-l)'"^h\ with h = (p - l)/2 for p > 2. 
IfK = ker(M) with u G H^{G), u^Q, then, by settingv = /3(m), wehave 



A6f^G(Resg(0) = < 



p=2 



e=0,l 
0<2K^-e 



where Sq' (resp. V ) denotes the Steenrod operation forp = 2 (resp. p > 2). 
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3 Characteristic classes for extraspecial /? -groups 



a basis of H\E) = Hom(£', F„) and define 



yi 



H*{E) 



Let E = En, n > 1 , be the elementary abelian p-group of rank 2n. Let xi , . . . , X2„ be 

Xi p = 2 
Pixi) p>2. 

1 < i <2n, with /? the Bockstein homomorphism. We have 

Fplyi, . . . ,y2n] p = 2 

A[xi, . . . ,X2„] (8) Fplj^i, . . . ,y2n] P>2, 

with A[5', t, . . .] (resp. Fp[s, t, . . .]) the exterior (resp. polynomial) algebra with gen- 
erators s,t, . . . over Fp. Let P = P„ be the extraspecial p-group given by the central 
extension 

{1} ^ Z/p M P„ ^ E ^ {1} 

classified by the cohomology class xiX2 + • • • + X2n-iX2n G PI^(E). The following 
notation will be used. Set Z = iiX/p), the center of P. For every elementary subgroup 
A of P containing Z, write A/Z = Z' , so A = A' x Z, and A' is of rank n if A 
maximal elementary abelian in P. Fix a generator 7 of H^{Z) (resp. (3H^{Z)) for p = 2 
(resp. p > 2). This element, and also every element of H*(A'), are then considered as 
elements of H*{A) via the inflation maps. 

Denote by A the set of maximal elementary abelian subgroups of P. Set h*(P) = 
H*iP)/VO. By the work of Quillen [12], the map induced by the restrictions 



Res 

is injective. Therefore the maps 

I 

h*(E) h\P) and h*{E) ^ JJ /i*(A') 

have the same kernel. Let T = 7^ be the subring of h*{P) equal to the image of the 
inflation Inff . For elements ^, r/ of h*{E), it follows that lnff(0 = Inff(?7) if and 
only if Resf,(0 = Resf,P(?7), for every A £ A. 

We are now interested in Chern (resp. Stiefel-Whitney) classes, for > 2 (resp p = 2), 
of a degree p" faithful irreducible representation of P. Fix a nontrivial linear character 
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X of Z. We have then an irreducible character x of P given by 

xis) = \ 

[0 otherwise. 

Let /9 be a representation affording the character x ^rid set 

[W2"{p) P = 2, 

J(-Ir-V-P'-(P) P>2 
[w2"-2'-(/0) P = 2, 

< r < n. We have the following theorem. 

Theorem 3.1 (Green-Leary [4], Quillen [12]) 

(i) Inh*{P), 

1 , , ^ 1V1 , ^ /^^^^ 

1 - K„,„_l H h (-1) K„,0 + Ci = < 

the subring of h*(P) generated by non-nilpotent Chern classes is generated by 

^«,05 • • • ) l^n,n—\iy\ i ■ ■ ■ 1 yini Cn- 

(ii) For every < i < n — I and for every A A 

Res:^(0 = V(A',7) 
Res^(K„,,-) = a(A'). 

In the article [5] by Green and Minh, Chern classes of P are also obtained by means of 
the inflation Inff and transfer maps trp with K maximal in P. Similar results for the 
case p = 2 can also be obtained by using the same argument. The result can be stated 
as follows. Let ;c be a non-zero element of H^{P) and set = ker{x). Pick a rank one 
subgroup U ^ Z of the center of Hx- So Hx = Pn-i x U. By the Kiinneth formula, we 
can consider any element of H*{P„^\) (and of H*{U)) as an element of H*(Hx). For 
< r < « — 1 , set 

^ UT^'{Kn-l,rCZl) n>2 
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For r > 0, define 

^(r) _ i^'iZiynyii-i p = 2,r = 

i^'iZiiyfi-^iyii-yii-iyfi) otherwise, 

with i = 1 for p = 2, and l = p for p > 2. Let Aq be an element of A. We have the 
following theorem. 

Theorem 3.2 (Green-Minh [5]) 

(i) In H*{P) forO<r<n-l, 

Hn,r = Q,-{P/Ao) - ^ Xr,x- 

(ii) There exist fnfi, ... ,f„^n-\ G H*{E), viewed as elements of H*{P) via tlie 
inflation map, such that 

(7-1 

(=0 

and, for every A G A, Res^(K^ ,.) = Res^(/„ ,-), < r < n — 1 . 

(iii) There exist hi, < i < n — I, and a unique t] of H*(E) such that 

(7-2 

zt'^=y2nV + ^h£\ 
i=0 

and in h*(P), Xn-i X2 ~ —Inf Furthermore, for all < r < n — I and 

all4>e FH\E), xi^^"e Im(Inff), as elements of h* (P) . 

By Quillen [12] it is known that, for p = 2, all the k„ ,. and Xr,(/) belong to T. For 
p > 2, it follows that the above theorem that all /j^^-powers of the Kn^r and Xr,0 belong 
to T. In fact, by setting 



we have the following corollary. 



[y2n-\ P = 2, 



Corollary 3.3 Inh*{P), 

(i) Knr=fn,r,0<r<n-\ 
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(ii) 



r/ = (-l) 



71-1 



n-\ 



^fn-l,0 + (yin-l - y2n-\y2n )fn-l,i 



i=l 



(iii) with K = ker(x2„), 



trf(C«-i) 



p = 2 



(-l)"-itrf 
(iv) for < r < n — I, 



',X2„ 



-fn- 



n-l 

^fn-l,Q + ^{-'^y {yfn-l - yin-iyfn'^^ fn- 
i=l 



Li 



p-l 



Proof Part (i) follows from Theorem 3.2 (ii), by noting that the restriction map from 
h*{P) to nAG^-^*"^ injective. 
We have, by Theorem 3.2, 



Jn-l) _ Jn~l) ( ip 



W~l\ I / ip bp 
= 4-1 + [yin-iy^n - yin-iyin 



= [yClym-yin-xyC) +(-yfYS-^^tjn-u 

1=0 

= {yt 



-lyin- y2n-\y2n 
r-n-2 

(-1)" 

'=0 n~2 



^{-yfz^nfn-Li-yin^fn-\,Q 
n~l 

- YJ^~^^' (yin-\yin-yin-\y(n)fn^Li 



= (-!)" 



'n-l 



Y\,-\i^}^fn-X,i-yinX 



.!=0 



with 



ip' — ls_f 
1 - y2n-iy2n )Jn-l,i- 



i=l 

So ?7 = {—lY^^X; (ii) and (iv) are proved. 

Pick an element A G ^. By [5, Lemma 7.1] and its proof, we have 

' -V{B' ,y2n-iy AQK 







otherwise. 
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Set 

'trf(C„-i) 



Y 



If A ^ K, then Res^(F) = 0, by the Mackey formula. Suppose A C K. Set 
B = A n P,i_ 1 . For > 2 , we have 

Res^(F) = (-1)"-! ^ « j;Resf((-iyyfl_iK„_i,,-C!) 

g&P/K !=0 

= (-1)"-^ E ^E(-iy3^Lie,(B')c; 
= (-i)"-^E(-iy3^:_ia(B') E ^c; 

since the y2n-\ and the Qi{B') are invariant under the action of P/K. Thus 

[V(B',).2,-i)Resf(tr^(C')) p > 2. 

Following [5, Proposition 4.4] we have 

Res:^(trf(CrJ)) = -V(B',y2n-if-'. 
SoRt4{Y) = -V(B',y2n-iy. 

Since ry — 7 restricts trivially to every element of ^, it follows that ry = 7 . □ 
Proposition 3.4 For < r < n — \, 

Proof Let A be an element of A. There exist exactly elements of ¥H^{P) of 
which the kernel contains A. The subset of those elements is nothing but ¥H^{P/A). 

Let X be an element of ¥H\P). It is clear that Res^(xr,;f) = if x ¥H\P/A). 

Hence 



/ J /V.',-» / A \ / J 

x&HHP) x&HHP/A) 
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-Qr{A'), 

The proposition follows. □ 



We are now going to obtain characteristic classes of P by using the Evens norm map. 
We first need the following lemma. 

Lemma 3.5 Fix a generator e of Z. Let H = A n B with A,B G A and let 

(hi, . . . ,hk,e) be a basis of H . Then there exist elements g\,. . . ,gk of P satisfy- 
ing 

f 1 i^i 

(i) V8,gi\ = 1. Vgi,hj\ = < and\< ij < k. 

ye I =j 

(ii) P = ]Jg^QAgB is a double coset decomposition ofP with G = {gi, ■ ■ ■ ,gk) ■ 

Proof The existence of the gj satisfying (i) follows from [8]. Assume that agb = a'g'b' 
with a, a' £ A, b,b' £ B, g,g' £ G. It follows that [g,/?;] = [g',/2,] and 1 < / < A:, 
hence g = g' . As, \G\ = p'^ , (ii) is obtained. □ 

The following notation will be used. Let C be the cyclic group of order p and fix a 
generator u of H\C) (resp. H'^iQ) for = 2 (resp. p > 2). Set L = P x C. If // is a 
subgroup of P, every element of H*{H) (resp. H*{C)) can be considered as an element 
of H*(H X C). We have the following lemma. 

Lemma 3.6 Let A, B be elements of A and let v £ H^{A x C) (resp. H^{A x C))for 
p = 2 (resp. p > 2). Assume that Res^^^W = + Am with fj,,X £Fp, then 

Resl^c^Axc^riv) = fiV{B', 7) + XV{B', u). 

Proof Let P = Ugi=GAgB be the double coset decomposition of P given in Theo- 
rem 3.5. Set // = B n A. We have 
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= n ^Hxc~>Bxc ° Res^^^(^v) (A is normal) 

gee 

= ATffxc^Bxc (n Res^xc(^^)) (Corollary 2.3) 

= + Am) j 

\eG ^ 

= Mhxc^bxc{V{H', ^7 + Am)) (Theorem 3.5) 

= AAzx c-^Bx c(AiX + Am) (Corollai-y 2.2) 

= nV{B', 7) + AV(B', m) (Corollai-y 2.3) 

as required. □ 

The following shows that characteristic classes of P can be obtained by means of the 
Evens norm map. 

Theorem 3.7 Let A be an element of A and let v be an. element ofH^A) (resp. 
f3H\A) )forp = l (resp. p > 2) satisfying Res2(v) = ^ . Set 

Ca,v = Maxc^t{v + m) - Naxc^t{v). 
As elements ofh*(P) then 

n 

Ca,v = (-1)" J^(-1)%vmP'- 



s=0 



Proof For every B G by Theorem 3.6 we have 

Res5xz(CA,v) = Res5xz-Mixz^r(v + m) - RessxzA/'Axz^r(v) 
= V(B',7 + M)- V(B',7) 
= ViB',u), 

since V{B',X), as a function on X, is additive. By Theorem 3.1 (ii), 

n 

Res^xz(CA,v) = Res^^zK-l)" J^(-l)'««,.v"''']- 

1=0 

So Ca,v = (-1)" E"=o(- l)'««,i""' ■ □ 
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Remark Write Maxc >r = AA. It follows from the above theorem and from Corol- 
lary 2.2 that 

n 

N{V + U)- N{V) - N{U) = {-If J2^-mKn,s - Qs{P/A)]uP\ 

s=0 

According to Proposition 2.1(iv), the can be expressed as sums of transfers from 
maximal subgroups of P x C. Such formulae are the ones given in Theorem 3.2. 

Let ai, a2, . . . , a2n-i,a2n be elements of P satisfying x,(ay) = 5ij with 6ij the Kronecker 
symbol, 1 < ij < 2n. Suppose that K is a maximal subgroup of P given by 
K = ker(x2„). So K ^ x (a2«-i) = Pn~i xZ/p. Write y2n = y, J\fKxc-^r = AA, 
and, for < r < « — 1 , Xr,x2„ = Xr ■ Define 

e„_i,, = Res^(X.)G//*(^:), 



and 



in-l = W 



e H*{K X C) 



r=() 



with the convention that =0. 
Theorem 3.8 As elements ofh* (P) , 

n 
i=r 

n-l 



i=r+l 



i=0 



p-l 



for < r < n — 2. 



Proof For convenience, write nn-\,r = for < r < n — 1 . Let A be an element of 
A and set X = M{6n-i) and = AA(k^_.j^). Let 



n-l 



n-l 



(■=/■+ 1 



n-l 



i=0 



p-l 



for < r < « — 2. Consider the following cases: 
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„n+l 

■ uP + 



Case \ A (ZK By setting S = A n P„_i , we have A = S x (ain-i) . So 

ResLcW= n 

As the 0n-i belong to Im(Res^), they are invariant under the action of a2n- Hence 

ResLcW= n ^<ic^"Gn-i) 

xe {a2n) 

^(-ir-vYe,(s')v(s',y2„-iy-Ve^_i(s'))]' 

-r=0 ^ ^- 

= V(A', uf 

= ResI,c((-l)"E(-l)XX^O- 

^ s=0 ^ 

Also, for < r < « - 2, 

Res^^eCJ^r) = n.e(a,„> ^^sf^^ 

= [ResfJ^(K„_i,,)^]^ = = (-l)'-ResJ^c(Zr). 

Case 2 A ^ A" By setting i7 = n A , we have 

ResLcW = AAffxc-AxcRes|^^(X) 

= V(A',My 



= ResLc((-irE(-l)XX^' 



and 

Res^xc(J'r) = ArHxc^AxcRes|^^(r,) 
= AA^xc^Axc(!2WZ)) 
= (-l)''ResLc(2r). 

This completes the proof. □ 

Formulae relating the to such classes of fewer variables are given by the following 
corollary. 
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Corollary 3.9 For Q<r<n — \ ,as elements of h*{P), 



n-l 



;=0 
K 



n-\ 



i=l 



p-1 



Proof By Corollary 2.3 we have 



r=0 



V{y, u)P" + Y^{-\f-^V(y, uf AA(-0„_i,,) + AA«_i 



r=0 



r=0 



r=0 



+ 



AA(-e„_i,,)+AA«_i,.„i) 

(aA(-0„_i,,+i)+AA«_jP) 



+ (-1)"m/-W(-^„_i,o). 

By the Frobenius formula, the cup-product of Xr with each of X2n , yin vanishes. 
As the transfer commutes with Steenrod operations, we have, by Proposition 2.4 and 
Theorem 3.8, 

n-l 



r=0 



n-l 



r=0 



r=0 



Therefore 

n-l 

^(-ir-xX''^=E(-i)"" 



n-l 



r=0 



r=0 
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Hence 



Since 



by Theorem 3.8, we obtain 



i=0 



The corollary follows from Corollary 3.3. 



^(-iy<_i,,/^' 



p-i 



p-i 



□ 



4 The subring F^,[rt:„,o, • • • , n T 

In this section, p is supposed to be an odd prime. It was proved by Green and Leary 
[3, 4] that k;' q G T, provided that s > 2", or s > 2 and n < 2. This result can be 
sharpened as follows. Let M„ be the set consisting of sequences /? = (ro, ri, . . . , r„_i) 
of non-negative integers. For /? = (ro, . . . , G M„ and for m > 0, set 

ln;=o m>n. 
The main purpose of this section is to prove the following theorem. 

Theorem 4.1 Let R = (ro, . . . , r„_i) be an element o/M,, . As an element ofh*{P), 
belongs to T if and only if one of the following conditions is satisfied: 
(Ri) ro > 2; 

(Ri) ro = and all the r, terms with i > 0, are multiples of p. 
The rest of the section is devoted to the proof of the theorem. 

Proof By Corollary 3.3, G T if 7? satisfies (7?2). We shall prove the following 
proposition. 



Proposition 4.2 IfR£R„ satisfies (Ri), then £ T . 
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By [4, 7], the proposition holds for n = 1 . Suppose inductively that it holds for « — 1 . 
Set K = ker(x2„) = Pn-i x Z/p and T = Im(Inf^/^) + VO. Write w = Res^Cy2«-i) 
and V = (-1)"-^ EpoC-iy^^-iX- We have 

Res^(K„ j) = J J + 1 jx/jP- \ 0<j <n. 
So, for every element /? G M„, as elements of h*{K), 

7=1 

(2) = ^f.iV^-^)^'^ + Yl Z^'^^"'^' 

ro<f<*R 

with pt G h*{Pn-\). 

Lemma 4.3 Let S = {sq, . . . , 6e an element ofM.n with > 1 , and let x be a 
non-zero element ofH^ (P) . Then 

Proof Without loss of generality, we may assume that ;c = a;2„ . So ^ = ker(x) . Since 
'S'o > 1 , by (2), we have 

(3) Res^(Atf) = K^iw'^^P 

u&u 

with U a subset of 

{/? = (ro,...,r„_2) GM„_i|ro > 1}. 
Let U = (mo, . • • , Un-2) be an element of U. Since 

n-2 

u 1 r w/ 

K„_iK«-i,o — %-i,o 11 

1=1 

and Mo + 1 > 2, it follows from the inductive hypothesis that K^_iKn-\fl, and hence 
K^_iKn-i,Qw'" belong to T' . So, via the inflation map, K^_iKn-iflw'" belongs to T. 
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We then have as elements of h*{P), 
i<'lxo,x = Kftrf(K;„_i,oCr|) 

= trf (Res^(K|-).K„_i,oC^~i') by Frobenius formula 

= trf (K„^_ 1 Kn- 1 flW"ijC-\) by (3) 

U&A 

= ^ K„^_iK„_i,ow'^trf(^Cr!)> 
U&A 

which implies k;^xo,a G T , by Corollary 3.3 (iii). □ 

Proof of Proposition 4.2 Let R = (ro, . . . , r„„ i) be an element of ]R„ . By Corol- 
lary 3.3(i), G T if 7? satisfies (^2)- Suppose that ro > 2. Set 5 = (ro — 
1, n, . . . , r„_i). We then have 

by Proposition 3.4. Since ro — 1 > 1 by Theorem 4.4 k^Xo,a: G T, for every x G 
P//H^); so G T. The proposition is proved. □ 

Consider ip, and also the right hand side of (2), as polynomials with variable w and 
with coefficients in /j*(P„_i). We have the following lemma. 

Lemma 4.4 Let R = (ro, . . . , r„_i) be an element o/M„ with sr ^ mod p. Then 
/or < i < n — 2, 

(i) Res^(K^) = SR{-iy+"K^_^Kn-ijwP"~'^^P-'^'>'''''-'^^+P'+ otherterms; 

(ii) gT ifKf^eT. 

Proof For t < sr, degC^/;*^"^)') < p"-^(]J - l)sR-p" + p""^ ; hence 

deg(^(P~i)') < min(p"~'(p - \)sr - \,p"''[(p - 1)sr - 2] +p'). 
So (i) follows from (2) and the fact that 

n-l 

= [J](-1)'k„_i,,w^'](^-i>« 

1=0 

«-2 

= -5r^(-1)'+"-1k„_i,,-wP"''[^~^>-''^~1]+^' + Other terms. 

(=0 
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Write 

Res|(Kf) = J^^py 

(>0 

with Pi £ h*{Pn~].). If G T, then Res^(K^) belongs to T', so all the pi lie in T'; 
(ii) is then a direct consequence of (i). □ 

The proof of the theorem is completed by Proposition 4.2 and the following. 
Lemma 4.5 If e T with /? = (ro, . . . , r„_i) G M„, then R satisfies (Ri) or {R2). 

Proof By Leary [7], the lemma holds for « = 1 . Assume that it holds for n — 1 . 

Suppose that £ T with R = (ro, . . . , and ro < 2. It follows that = 
Res^(K^) G T' . Consider C as a polynomial with variable w and with coefficients in 
h*{Pn-\). By (2), we have 

0<t<SR 

= Kf.iwP""'*^"')'"* + Other terms, by (3) 

which implies G T'. By the induction hypothesis, ro = and ri, . . . , r„_2 are 
multiples of p. So = r„_i mod p. If sr mod p, it follows from Theorem 4.5 
that 

%-l,l • ■ ■ '^n-\,n-J.^n~\,n~2 — '^n-l,n-2'^n-l ^ ^ 

which contradicts the induction hypothesis, since r„_2 = mod p implies r„_2 + 1/0 
mod p. So sr = mod p, hence r„_i = mod p. The lemma follows. □ 

This completes the proof of Theorem 4. 1 . □ 

Let X be a non-zero element of H^(P). By Theorem 3.2(iii), there exists a unique 
% G H*{E) such that, as elements of H*iE)/{z^n\ ■ ■ ■ ,Zn~^^), 

r]xl3{x) p odd, 
r]xX p = 2. 

Note that = ker(x) can be identified with Pn-\ xli/p- Pick a non-zero element Ux 
of H^{P) satisfying 

\ux P = 2 



(4) z\ 



in- 1) 



7^ Res^^.(M;c) G ker(ReSp;_^) set 



^ Piux) p odd, 
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and define V. = (-1)""' E;=J(-iy^«-iX - 

Let R be an element of M„ satisfying {R\) or (7?2)- By Theorem 4.1, and 
both belong to T. It is then interesting to find out a formulae relating and . If 
/? satisfies (/?2)> the formula can be derived from Corollary 3.9. In the case where R 
satisfies {R\) the formula follows from the next corollary. 

Corollary 4.6 Let R = (ro, . . . , r„_i) be an element o/]R„ with ro > 2. Then, as 
elements ofT, 

Proof Set 5 = (ro — 1, r2, . . . , r„_i) and [/ = (ro — 2, ri, . . . , r„_i). It follows from 
the proof of Proposition 4.2 that 

xe¥H'{F) 

= -Yl '^«<(^n-l,oC!) 
xeFH'iP) 

= - ^ tr^^ [Re4,.('tf)'^„-i,()CJ 
jceP//'(P) 

xeFH'iP) 

x&H'(P) ^ 7=1 

Since ro > 2, it follows from Theorem 4.1 that 

„ - ,(ro-l)(p-l)-l TT r p .n-ilO 

;=i 

belongs to T , for any a; G P//^(/'). Hence 

x&HHP) 

= - E '^^^^ 

This completes the proof. □ 
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5 Symplectic invariants 

Recall that the symplectic group Sp2n = Sp2n(Pp) is the group consisting of E which 
preserve the nondegenerate symplectic form x\X2 + . . . + X2n-\X2n of H^{E). Clearly 
Z"n^ , . . . , Zn"^^ belong to the subring of invariants of Sp2n in [y i , . . . , y2n\ ■ According 
to a result of Quillen [12] for = 2, and of Tezuka-Yagita [13] for > 2, 

T = ¥p[y,,...,y2nM{zT,..-,Z^n-'\ 
There is then an induced action of Sp2n on T . Set 

R' = {/? e M|/? satisfies or {R2)], 

and let M" be the subset of M,, consisting of elements R = (ro, ri, . . . , r„_i) of ]R„ 
satisfying the following two conditions: 

• < r, < 7? - 1 for / > 

• ro = 3, or ro = 2 and ri, . . . , r„_i are not all equal to 0. 

Let T^P^" be the ring of invariants of Sp2n in T . The following is then straightforward 
from Theorem 4.1 and [3, Proposition 21]. 

Theorem 5.1 T*'^" is the subring of¥p{K„^\, . . . , 1] given by: 

(i) forp = 2, T^P'-" = Fp[K„fl, . . . , Kn,n-l] / 

(ii) for p > s2, 

(a) as a vector space over ¥p, T^P-" lias a basis {k^\R G M'} ; 

(b) as a module over polynomial algebra Fp [k^ q , j , . . . , ^_ j ] , T^p^" is 
freely generated Zjj { 1 , |/? G M"} . 
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